The numerical analysis of a di usion ame in a reacting, two-dimensional, turbulent, viscous, multicomponent, compressible mixing layer subject to an axial pressure gradient is presented. The boundary layer equations for the mean values of axial momentum, energy and species mass fractions are solved by employing a one-step reaction mechanism and a k ; ! turbulence model for the turbulent shear, heat-ux and di usion terms. The numerical solutions are used to study the ignition process and the ame structure in an accelerating turbulent transonic mixing layer. Within the considered downstream distance growth rates of the turbulent accelerating reacting mixing layer are 5 to 20 times larger than in the corresponding laminar case. However, the characteristics of the ow eld are not changed by the turbulence. After ignition, a di usion ame is established downstream from the splitter plate dividing the hot air stream and the fuel stream. The ame is slightly curved and angled towards the hot air stream. Variations in stream velocities, air temperature and pressure gradient i n the downstream direction produce considerable variations in axial ame stand-o distance and ignition length. Local maxima in the oxygen concentration on the fuel side of the mixing layer and downstream from the splitter plate are found to result predominantly from the convection of signi cant amounts of oxygen, the latter being swept onto the fuel side in front o f t h e ame. Free stream values of the speci c dissipation rate are found to signi cantly change the growth rates of the mixing layer, but do not change the qualitative c haracteristics of the accelerating reacting ow. Introduction Accelerating reacting ows have recently become of interest in context with new compact designs of gas turbine engines or their combustors where the combustion process is extended beyond the combustion chamber into the ow through the turbine blades. Compact combustor design in combination with augmented burning in the turbine passage, has been shown, by thermodynamic analysis (Sirignano and Liu 1 ) t o a l l o w for (1) a reduction in after-burner length and weight, (2) a reduction in speci c fuel consumption, and (3) an increase in speci c thrust. Mixing and exothermic chemical reaction in an accelerating ow, such a s the prescribed ow through a turbine passage, also promises bene ts with respect to other combustion applications by reducing pollutant formation and heat transfer losses through the reduction of peak temperatures due to ow acceleration.
Accelerating reacting ows have recently become of interest in context with new compact designs of gas turbine engines or their combustors where the combustion process is extended beyond the combustion chamber into the ow through the turbine blades. Compact combustor design in combination with augmented burning in the turbine passage, has been shown, by thermodynamic analysis (Sirignano and Liu 1 ) t o a l l o w for (1) a reduction in after-burner length and weight, (2) a reduction in speci c fuel consumption, and (3) an increase in speci c thrust. Mixing and exothermic chemical reaction in an accelerating ow, such a s the prescribed ow through a turbine passage, also promises bene ts with respect to other combustion applications by reducing pollutant formation and heat transfer losses through the reduction of peak temperatures due to ow acceleration.
For zero pressure gradients, reacting multi-dimensional (laminar and turbulent) low Mach number mixing-and boundary-layer ows have been considered by many investigators using a wide variety of approaches. See, for example, Marble and Adamson, 2 Emmons, 3 Chung, 4 and Sharma and Sirignano 5 for laminar ows, and Patankar and Spalding, 6 Razdan and Kuo, 7 and Givi et al. 8 for turbulent o ws.
Reacting supersonic ows have been considered by Buckmaster et al., 9 Grosch and Jackson, 10 Jackson and Hussaini, 11 Im et al., 12, 13 and Chakraborty et al. 14 For a two-dimensional, laminar, non-reacting, boundary layer over a solid body with a pressure gradient, similarity solutions were obtained by Li and Nagamatsu, 15 Cohen, 16 and Cohen and Reshotko 17 who solved the momentum and energy equations transformed by the Illingworth-Stewartson transformation (Illingworth, 18 Stewartson, 19 Schlichting 20 ).
Sirignano and Kim 21 reduced their partial di erential equations to a system of ordinary di erential equations, and obtained similarity solutions for laminar, two-dimensional, mixing, reacting and non-reacting layers with a pressure gradient that accelerates the ow in the direction of the primary stream. Numerical solutions for the two-dimensional reacting mixing-layer equations without the use of the similarity assumptions were recently presented by Fang, Liu and Sirignano 22 who compared their computational results with the similarity solutions obtained by Sirignano and Kim, 21 and extended their nite di erence computations to non-similar cases, examining the ignition and combustion processes in a general transonic accelerating mixing layer.
The proposed analysis extends the work of Fang, Liu and Sirignano 22 by including turbulence e ects into the boundary-layer equations used by these authors.
Governing Equations
The two-dimensional steady case of a compressible viscous turbulent reacting mixing layer is considered in the presence of a pressure gradient. At the trailing edge of a at splitter plate, hot air mixed with burned gases and owing above the at plate at velocity u 1 comes into contact with fuel vapor owing below the at plate at velocity u ;1 . The free streams can contain turbulent uctuations in addition to the turbulence generated in the mixing layer. Upon contact of the two s t r e a m s , c hemical reactions take place between the air and the fuel vapor, and a di usion ame will be established near the middle of the shear layer. The amount of burned gases in the initial mixture are considered parameters in the analysis, which can be varied from zero to a number determined by the temperature limitation on the ow.
We are concerned with the ignition and combustion that is established downstream of the point of initial contact between the accelerating fuel and air streams.
The boundary-layer approximation applied to the Favre averaged, compressible Navier-Stokes equations for a reacting ow then provides the following governing equations for axial momentum, energy and species mass fractions in the prescribed free shear or mixing layer @ũ @ x = ;~v~u @ũ @ y ; 1 ũ dp dx 
are the average total enthalpy or the total enthalpy of species i, with c p i and h o i being the speci c heat and the heat of formation of species i at the reference temperature T ref .
Here, each species i, i.e. O 2 , N 2 , H 2 O, CO 2 , a n d C H 4 , w as assumed to behave l i k e a n ideal gas. In Eq. (4) 
where j = 1 denotes air and j = 2 denotes products.
Methane (CH 4 ) is used within the present w ork. The combustion process is described by a one-step overall chemical reaction, i.e. The e ect of turbulence on the reaction rate has been neglected in this analysis. In particular, the turbulent reaction rate is computed from Eq.(10) by using the turbulent values of fuel and oxygen mass fraction or molar concentration. Note that, the turbulent length scale l = p k=!for case 0 in Table 1 is approximately 0.01 mm in the ignition region and 0.025 mm where the maximum temperature gradients occur. On the other hand, the ignition length in this case has been computed as 1.5 mm and the length across which t h e largest temperature gradient occurs is 0.8 mm. Therefore, the representation of the average reaction rate by the Arrhenius rate is reasonable. The Prandtl number and the Schmidt number employed in Eqs. (4) and (3) where H(x) is the Heaviside step function.
For the perfect gas mixture resulting from the prescribed one-step reaction mechanism for methane-air di usion ames, we g e t p = N X i=1 Ỹ i R iT (18) with the average gas constant R given by (19) Similarly the average speci c heat and the average viscosity coe cient are calculated from the speci c heat and viscosity coe cient of each species c p i and i , i.e.,
whereby the temperature dependence of the i 's is approximated by using Sutherland's formula. 25 The speci c heats c p i are obtained from polynominal approximations to tabulated values of c p i as a function of temperature.
Solution Method and Constraints
The solution algorithm for the prescribed steady, two-dimensional, turbulent reacting mixing layer is based on the solution method proposed by F ang, Liu and Sirignano 22 but extended for turbulent o ws and augmented by the governing equations for k and !.
Fang et al. 22 proposed a parabolic Crank-Nicholson type 26 marching scheme to study a laminar reacting mixing layer using a one-step reaction mechanism.
Their method is second-order accurate in both the xdirection and the y-direction. Each integration step in the axial direction involves the simultaneous solution of the governing equations at each transverse grid point and the use of appropriate free stream conditions in the transverse ow direction, i.e.ũ ! u 1 ,
To m a r c h out the solution in the x-direction, in ow conditions on both sides of the splitter plate have t o b e speci ed, as well as boundary conditions in the transverse direction away from the mixing layer. The latter involves the speci cation of free stream conditions for both oxidizer stream and fuel stream.
At e a c h i n tegration step i in the x-direction, we rst solve for the velocity in the x-directionũ, temperaturẽ T (as described below), turbulent quantities k and ! and the mass fractions for all seventeen species. This step involves the simultaneous solution of the governing equations at each transverse computational node by using ow parameters evaluated at the previous integration step, i.e., at i ; 1. Then, we calculate the density and the velocity in the transverse directionṽ at the ith step by employing the equation of state and the continuity equation using the new solutions. After the solutions for all dependent v ariables at i have been obtained, we re-iterate the solution by solving the partial di erential equations again using the mean values of parameters at the current step i and the previous step i ; 1 . Re-iteration continues until the di erences between the solutions of the current and the previous iteration are below a certain cut-o for the fuel mass fraction or the temperature.
For the cases that are analyzed, both Prandtl and Schmidt numbers, i.e., Pr t and Sc t , are assumed constant throughout the simulation. The pressure gradient leading to stream acceleration in the axial or x;direction is expressed in terms of the free-stream velocity, i.e., ; dp i dỸ i + c p dT (26) from which the temperature change dT is obtained.
This allows the determination of the temperatureT at each i n tegration step i (at all discrete y locations) starting with the integration at the trailing edge of the splitter plate where the mixture of hot air and burned gases ( owing above t h e a t p l a t e ) a t v elocity u 1 comes into contact with fuel vapor owing below the at plate at velocity u ;1 . Figure 3 
Results of the Numerical Investigation

Turbulent and Laminar Reacting Mixing Layer
In order to illustrate the relevance of turbulent transport, the`base case' condition previously analyzed by F ang, Liu and Sirignano 22 Fig. 6 . Even though the spreading of the turbulent boundary layer is signi cantly larger than that found in the laminar case, the characteristics of the reacting methane-air mixing layer, are not changed by the presence of turbulent di usion. Fig. 7 shows temperature contours computed for the prescribed base case. One observes that ignition occurs after a certain distance downstream from the end of the splitter plate after the hot air and the fuel vapor have met. the O 2 mass fraction on the fuel side of the ame, seems to result predominantly from the convection of signi cant amounts of O 2 , the latter being swept onto t h e f u e l s i d e i n f r o n t of the ame. Note that at x = 0 mm, the mixing layer is located at y = 0 mm whereas the ame establishes itself at x = 7 mm downstream and y = 0 :18 mm above the edge of the splitter plate.
Contour plots of the turbulent kinetic energy k and the speci c dissipation rate ! are shown in Figs In this section we study the in uence of various ow parameters on ignition and ame structure. Table 1 lists the di erent cases of the study including the base case (case 0) considered in the previous section. Cases 1 through 12 represent a set of cases for each o f w h i c h one ow parameter, i.e. air temperature, pressure gradient, fuel velocity, air velocity, free stream turbulent kinetic energy or free stream speci c dissipation rate, has been modi ed relative to the base case con guration (case 0) discussed in the previous section. For all cases (0 -12), the static inlet pressure at x = 0 mm is p 0 = 30 atm and the fuel inlet temperature 400 K. The computational grid size for all cases was x = 0 :03125 mm and y = 0 :015 mm, except for cases 4 and 7 with x = 0 :00625 mm and y = 0 :0075 mm.
Initial Air Temperature: In case 1, the initial air temperature is decreased from T air = 1650 K to T air = 1350 K. Velocity and temperature pro les for this case at various x-locations are shown in Figs. 16 and 17. Mixing-layer growth in both transverse directions is smaller than in the base case. Since the temperature on the hot air side is too small to ignite the fuel-air mixture within the mixing layer, there is no acceleration of the ow due to ignition and consequently, n o l o c a l m a x i m um is observed within the velocity pro les in the transverse direction. Also, the point where all illustrated velocity pro le curves cross each other now lies at y = 0 mm and no longer on the air side (y < 0 mm) as observed in the base case.
D u e t o t h e l o wer air temperature, the air density i n the free stream remains larger than in the base case (at the corresponding axial location), but acceleration of the air stream in the downstream direction is less than in the base case. Acceleration of the fuel stream is not signi cantly in uenced by the decrease in air temperature. Analogous to the momentum layer, the growth of the thermal layer is signi cantly less than observed in the base case. The free stream density on the fuel side along the mixing layer remains virtually unchanged by the decrease of the in ow air temperature. Again, due to the lack of ignition the temperature and density p r oles in the transverse direction are monotonic without local maxima or minima as found in the base case. The mass fractions of reaction products (CO 2 and H 2 O) remain zero due to the lack of ignition. According to the reduced growth of the mixing layer, di usion of CH 4 on the fuel side and N 2 on the air side is reduced and the corresponding gradients in these regions remain larger than in the base case. However, due to the lack of ignition and a reaction zone, CH 4 and O 2 di use further into the opposite stream (i.e. fuel side for O 2 and air side for CH 4 ) than in the base case. See Fig. 19 .
In case 2, the initial air temperature is increased from T air = 1650 K to T air = 1950 K. The growth rate of the mixing layer on the air side is about the same as in the base case, whereas its growth on the fuel side is slightly larger in comparison to the base case. Acceleration of the air stream increases with the increase in air stream temperature The velocity o f t h e air free stream at x = 50 mm is about 660 m/s, in contrast to 610 m/s for the base case. However, local maximas of the nondimensional velocity (i.e. velocity normalized by the velocity of the air free stream u +1 ) are smaller than in the base case at the same x-position.
Due to the increased air temperature overall density values on the air side are smaller than in the base case. The same is true for the local density minimum found within the combustion zone of the mixing layer when plotting versus y. Even though, the growth of the mixing layer on the air side is about the same as in the base case, local minimas for the density are shifted towards the air side (Fig. 20) .
The similar observation made for the local minimum values of density, can be made within the temperature pro les (again in the transverse direction). Even though the growth of the thermal layer on the air side is about the same as in the base case (see Table 2 , locations for the maximum temperatures are shifted towards the air side (see Fig. 21 ). This agrees with the increased ame angle prediction of 1.82 degrees in Table 1 Table 1, the ame angle for Recall that, the latter has been found in the base case and even more so for case 3. Predicted maximum values of the nondimensionalized velocity ( u max =u +1 ) between x = 1 2 :5 mm and x = 5 0 mm are larger than in the base case, i.e. about 50 % of (u max =u +1 ; 1).
Predicted growth of the mixing layer is larger than in the base case (on both air and fuel side). However, the spreading rate of product mass fraction shown in Table 2 is slightly smaller than in the base case. Locations where the axial velocity pro les versus y reach their maximum are slightly shifted towards the air side from their base case positions. The ratio of the two free stream velocities does not signi cantly vary from its base case value. The increased free stream acceleration yields smaller density v alues in both air and fuel streams in comparison to the base case. This is particularly true at larger downstream locations, e. g. x = 3 7 :5 mm and 50 mm. Minimas of density pro les along x = const. lines are shifted towards the air side. However, the decrease of the local density minima at a given x;position in comparison to its base case value is found to be less than the decrease of the free stream air density compared to its corresponding base case value. For the considered fuel, the decrease of free stream density downstream from the splitter plate in comparison to the base case is larger on the fuel side than on the air side of the mixing layer.
In contrast to the base case, and analogous to the previous discussion of the axial velocity pro les, no common y position is found where the temperature value is the same at di erent x-positions. Due to the increased free stream acceleration, free stream temperatures on both sides of the mixing layer are slightly
. This also holds true for the spreading rate of the product mass fraction shown in Table 2 . According to the increased ame angle (see Table 1 Table 1 maximum at x 10 mm, if plotted versus x at y = 0 mm. Maximum product concentration at x = 2 0 mm is observed about 0.1 mm further on the air side than in the base case. The spreading rate for the product mass fraction is larger than in the base case (see Table   2 ). Oxygen mass fraction at x = 5 0 mm is negligible compared to the amount predicted in the base case.
For case 6 where u air is increased from u air = 50 m/s to u air = 100 m/s, the nondimensional velocity ratio u max =u +1 at x = 1 2 :5 25 mm and 37.5 mm is slightly below the base case value, however at x = 5 0 mm the same value is reached as in the base case. Spreading of the velocity defect on the air side is found to be the same as in the base case, but slightly larger on the fuel side. Velocity contour lines for this case are illustrated in Fig. 31 . At x = 1 2 :5 mm the peak within the density pro le (y) is found to be narrower, and the minimum value slightly smaller than in the base case. However, further downstream density p r oles (y) v ary only slightly from the base case pro les. The growth of the thermal layer is also increased with a shift of the maximum temperature values towards the air side. Maximum values of temperature pro les versus y are slightly larger ( 60 K) than for the base case at corresponding x-locations. Note that the ame angle shown in Table 1 with 1:39 is smaller than the base case value. However, this angle is the approximate ame angle at x = 2 0 mm. (Note the asterisk *' in Table 1 .) In fact, in all the considered cases, the ame is slightly curved towards the air side its angle at an x-position slightly larger than the ame stand-o distance x f l is somewhat smaller than the approximate ame angle further downstream (e.g. at x = 4 0 mm). Note that all ame angles in Table 1 The growth of the thermal mixing layer is reduced.
The common y-location where all temperature pro les T(y) have the same value is preserved (see Fig. 37 ).
However, and in contrast to the base case, the same is not true for the transverse velocity pro lesũ(y). The maximum temperature at x = 2 7 :5 mm is now larger than that at 12.5 mm. The inverse was true in the base case. According to the reported shift in the maximum values of andũ, the maximum temperature locations and maximum product concentration locations are both shifted towards the fuel side by about 0.15 mm within x = 1 2 :5 mm and x = 5 0 mm. This agrees with the observed ame angle of 1:35 (see Table 1) which is smaller than the base case value. (in the base case) to 1:69 (see Table 1 spreading of the velocity defect on the air side is 4:5 times the base case value, on the fuel side spreading is found to be 3 times the corresponding base case value. The spreading rate of product mass fraction is about 2.7 times larger than in the base case (see Table 2 ). At x = 12:5 mm, the maximum of the nondimensional axial velocity component is 1.5 times its base case value, with a shift of 0.35 mm towards the air side. The same spreading as observed for the velocity defect, is also observed for the density defect.
The minimum in the density pro le (y) a t x = 1 2 :5 mm is only slightly lower than the base case value, but (analogous to the location of the velocity maximum) shifted about 0.35 mm towards the air side.
The maximum temperature at x = 12:5 mm is the same as in the base case, but shifted analogous to the prescribed re-location of the density minimum and the velocity maximum at that x-position. Contour 
The maximum k-value at x = 1 2 :5 mm is about 50 % larger than in the base case, whereas the corresponding maximum of ! is 70 % smaller than for the base case. Note that the axial ame stand-o distance and the ignition length are about half of those for the base case, whereas the ame stand-o in the y-direction is about twice the distance found in the base case. Also, one observes a signi cant increase of the ame angle to approximately 2:4 . A contour plot for the mass fraction of oxygen is shown in Fig. 45 . Comparison of Fig. 45 with other cases (e.g. Fig. 27 ), suggests that oxygen mass fraction on the fuel side will be larger for larger ame-stando distances x f l and y f l . The latter allowing for increased transfer of O 2 to the fuel side before the ame is established. Note that, in the prescribed case the mixing layer has already reached the boundaries of the computational domain after x = 2 0 mm.
The signi cant impact of the speci c dissipation rate ! in the free stream on the growth of the free mixing layer has already been described by W i l c o x. 24 However, the increase in spreading rate with decreasing free stream ! value observed here is signi cantly larger than the increase predicted in Ref. 24 for the non-reacting single-component mixing layer con guration. In the second edition of his book, Wilcox proposes a modi cation in the coe cients and (see Eqs. 15, 16), which, as reported, provides better agreement with experimental measurements for mixing layers and which reduces the prescribed sensitivity of the k-! model on the free stream values of !.
In case 12, the growth of the mixing layer is smaller than predicted for the base case con guration. Spreading of the velocity defect at x = 3 7 :5 mm is reduced by about 25 % on the air side and 30 % on the fuel side (see Fig. 46 At x = 12:5 mm, the maximum nondimensional velocity i s o n l y s l i g h tly larger than the nondimensional free stream air velocity. Note that the predicted ame stand-o distance in this case is 13 mm (see Table 1 ). is just one third of the value observed in the base case. Again this is due to the larger ame stand-o distance in this case. Spreading of the temperature pro le at x = 3 7 :5 mm is about 70 % of the value found for the base case. The ame angle is is about 20 % smaller than in the base case and the spreading rate of product mass fraction is reduced by 34 % (see Fig. 47 and Table 2 Gradients of the di erent species mass fractions are larger within the mixing layer at x = 50 mm. The mass fraction of oxygen at x = 5 0 mm is about 0.01, whereas in the base case it is only half of that. A contour plot for the mass fraction of O 2 is provided in Fig. 50 .
In order to complement the above discussion, to allow comparison among the di erent cases and to provide some basic characteristics of the di usion ames, Tables 1 and 2 provide ignition lengths x ig , ame stand-o distances x f l and y f l , ame angle as well as the spreading rates for the product mass fraction on both fuel and air sides, i.e. sr f u e l and sr air . Here ignition length, speci es the distance between the splitter plate and the axial location, where the rst local maximum in temperature is observed. Ignition lengths reported in Table 1 and put in parentheses indicate that, prior to ignition at the denoted x;location, ignition was found at the splitter plate, followed by extinction. Note that, the employed grid size is at times only one order of magnitude smaller than the ignition length x ig (cases with x ig = 0 mm excluded).
The ame-stando distance x f l measures the ax- Table 2 Spreading rates of product mass fraction sr = arctan , w h e r e is the spreading angle on the fuel (index: f u e l ) or air side (index: air) based on the 10 ;3 -contour line. srtot = s r air + s r f u e l . Spreading rate evaluation at x = 2 0 mm (denoted by`*') or x = 4 0 mm. 
